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Abstract. In 1959, Klee proved that a convex body A' is a polyhedron if and only if all of its 
projections are polygons. In this paper, a new proof of this theorem is given. 

1. Introduction 

In this note we give a shorter proof of the following theorem in fl|. 

Theorem 1.1. Let K be a convex body in such that any orthogonal projection to a plane is a 
polygon. Then K is a polyhedron. 

Klee's proof is based on [[2|| which states that a convex closed cone is polyhedral if and only if 
all its projections are closed. Our proof uses properties of the polar dual. 

2. Dual reformulation 

Recall that a convex body is a closed bounded convex set with nonempty interior. 
Fix a convex body ^ in M^. Assume that the origin of belongs to the interior of K. 
The polar dual body of K will be denoted as K* ; i.e., 

K* = {y \ x-y < I for any x e K} 

Clearly K* is a convex body and the origin is an interior point of K*. Moreover K* is a convex 
polyhedron if and only if so is K. 

Let P be a plane in M?. The orthogonal projection to P will be denoted as Tip. 

The following statement follows directly from the definition of polar dual. 

Proposition 2.1. Let P be a plane passing through the origin. Then 

K*nP^np{KynP 

Note that 7rp{K)*r]P is polygon if and only if so is TZp{K). Using the above proposition the Klee 
theorem can be reformulated the following way. 

Theorem 2.2. Let K* be a convex body in M? which contains the origin in its interior. Assume 
that for any plane P passing through the origin the intersection PHK* is a polygon. Then K* is a 
polyhedron. 

3. Proof of Theorem [2^ 

Let us denote by dK* the boundary of K*. 

Lemma 3.1. Let K* be a convex body in M? and p,q,x^y E K* be points such that x lies between 
p and q. Assume that the line segment [xy] lies completely in dK*. Then the triangle Apqy lies 
completely in dK*. 
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Figure 1. 

Proof. Note that the midpoint of [xy] lies in the interior of Apqy. 

Further note that if one point in Apqy belongs to the interior of K* then so are all the interior 
points of Apqy. Hence the result follows. □ 

Proposition 3.2. Assume K* be as in Theorem \2.2\ Let p,q E K. Then there exists £ > such that 
for X & K, if Q < \p — x\ < £ and /Lxpq < £, then x is not extreme. 

Proof. The statement is evident if [pq] passes through the interior of K*, so we can assume that 

[pq]cdK*. 

Denote by x the midpoint of [pq] . Choose a plane P through the origin which intersects [pq] 
transversely at x. 

The intersection ^* fl P is a polygon, where the sides extending from x are denoted by [xy] and 
[xz] ■ Refer to Figure [T] for clarity. 

Applying Lemma [TTI we get that the triangles Apyq and Apzq lie completely in dK*. Hence 
the result follows. □ 

Proof of Theorem \Z2\ Assume K* has infinite sequence of distinct extreme points qi.qi, 

We may pass to a convergent subsequence qn which has the property that the unit vectors v„ = 

also converge, say v„ — )• u. Let p G dK be the point such that p as n —> oo. 
Consider the plane P which passes through p, u and the origin. Since the intersection PHK* is 

a polygon, there is a line segment [pq] C dK* which goes from p in the direction of u. 

Applying Proposition 13. 2[ we arrive to a contradiction. □ 
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